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1. Introduction

Seventy years before, C.G. Stueckelberg [ introduced a scalar into massive abelian vector
theory without violation of gauge symmetry and renormalizability. Since then, people used
to apply this mechanism to describe massive photon. Beyond that, many other applications
also emerged, such as those to SM [, B, MSSM [], string [[j] and extra dimension [f],
etc. The latest review was given by ref. [[]. This mechanism in literature was seen as a
scheme to replace Higgs mechanism for broken U(1) gauge theory [§] in the sense that it
does not need Higgs particle. Among various applications, we are interested in this work
in investigating physics of Z’ boson. On the one hand, as a heavy undiscovered new vector
particle in the minimal extension of SM, Z’ will probably be the particle easest to test in
future collider experiments and plays important role in various new physics models, such as
low energy models induced from GUT and SUSY [@-[L2], left-right symmetric models [J],
little Higgs models [[J] and extra dimension models [[[4, [[], etc; on the other hand,
Stueckelberg mechanism provides us a special method to introduce abelian massive vector
into theory gauge invariantly. With this mechanism, we can simply add Z’ boson to SM
and discuss corresponding physics [B]. However, the traditional Stueckelberg mechanism
only deals with lowest dimension term related to vector boson mass and leads typical
mixing term between scalar particle and gauge boson, which does not include those more
complex high dimension operators. As a consequence, this approach lost generality in the
sense that operator involving Z’ boson through Stueckelberg mechanism is that with lowest
dimension which represents a special kind of Z’ interaction. Though this operator plays
the most important role in low energy region, it is not general enough when we approach
to TeV energy region where effects of high dimension operators will emerge. These high
dimensional operators, most of them are non-renormalizable, are effective description of



underlying new physics dynamics. Adding in these non-renormalizable high dimension
operators into theory is a necessary step when we want to go beyond SM to investigate
new physics model independently. This requirement leads to the generalization of the
traditional Stueckelberg mechanism by including high dimension operators into theory so
that general Z’ interactions may be covered as much as possible. With non-renormalizable
operators included in, renormalizability of original theory is lost and is replaced by a
generalized version of renormalization for effective field theory [I].

There are two ways to systematically describe general effective interactions among par-
ticles in SM: namely, linear and nonlinear realizations of SM symmetry SU(2);, @ U(1)y —
U(1)em. Within linear realization, we just add in high dimension operators into SM [[L7-R(].
While in nonlinear realization, we start from electroweak chiral Lagrangian (EWCL) [R] -
RJ] which is the most general description for SM fields except Higgs. This EWCL was
generalized to extended electroweak chiral Lagrangian (EEWCL) by adding in original
EWCL a singlet Higgs field [24] to keep unitarity of the theory [R5]. Though mathematical
equivalence between two descriptions was shown in [P4], linear realization is suitable for
discussion of light Higgs, while nonlinear realization can be applied to investigate either
light or heavy Higgs. Due to this generality for EEWCL, we use nonlinear realization in this
paper. In fact, we will show that Stueckelberg mechanism is equivalent to chiral Lagrangian
for U(1) gauge field plus special choice of gauge fixing term. This equivalence enable us to
further understand the non-renormalizability for Stueckelberg mechanism when we try to
generalize it to non-abelian gauge field system and base our whole discussion on the non-
linear realization of SM symmetry. With the equivalence of Stueckelberg mechanism and
U(1) chiral Lagrangian, the generalization of traditional Stueckelberg mechanism become
obvious: we just extend EEWCL with an extra U(1l) gauge symmetry and write down
all possible high dimension interaction terms. To make particle content in our discussion
close to low energy particle spectrum already discovered in experiment, except Higgs and Z’
bosons, we do not involve any other new undiscovered particles in our theory. Higgs particle
in this work only plays a passive role and we mainly focus our attention on Z’ interactions.

This paper is organized as follows. Section 2 is the proof for the equivalence of tradi-
tional Stueckelberg mechanism and U(1) chiral Lagrangian and discussion of its nonabelian
generalization. In section 3, we generalize original EEWCL to include Z’ boson and write
down the bosonic part of Lagrangian up to order of p*. From this Lagrangian, we obtain
the most general mixing for neutral gauge bosons. Then we completely diagonalize and
discuss the mixing. In section 4, We build up the connections of these operators to triple ,
quartic couplings involving Z’ boson and traditional electro-weak chiral Lagrangian. The
summary is given in section 4.

2. Equivalence between Stueckelberg mechanism and chiral Lagrangian

Now, let us review Stueckelberg mechanism. The most simple Stueckelberg Lagrangian for
massive vector A, can be written as

1 m2 1 2
EStueck = _ZFHVFMV * 7 <Au B E 'U‘O-> ) (21)



with obvious mass term m2A3/2. Under U(1) gauge transformation A, — A, + Oye,
o — o + me, the Lagrangian is invariant. Adding a gauge fixing term

1
2%

into the Lagrangian, the total Lagrangian is the sum of Stueckelberg Lagrangian Lgyeck

Lop = (0, A" + Ema)? (2.2)
and gauge fixing term Lgp

1
2%

Mixing term 09, A* appeared in Lgr cancels the same term in Lgiueck. This leads to the

1 m?
Liotal = _—F;WFMV + TAHAM

1
- (0, A" + 5 (0p0)? — gm202. (2.3)

decoupling of auxiliary scalar o and vector field A,. The unphysical o is given a mass
proportional to random parameter /€, which means o is unphysical field and have no any
influence on vector field A,. So traditional Stueckelberg mechanism include two parts.
One is extension of standard mass term of U(1) gauge boson through term mixing with
differential of scalar field. This part, we will show, is equivalent to gauged U(1) chiral
Lagrangian. The other is choice of special gauge fixing term to cancel mixing between
scalar and gauge boson.

Now we prove the assertion that the first part of traditional Stueckelberg mechanism is
equivalent to gauged U(1) chiral Lagrangian. We change o field by introducing an unitary
phase angle field U as

Ux)=e' m . (2.4)
Under U(1) gauge transformation, it transforms as U — e*“U. We can construct covariant
derivative for U as

D,U(z) = [0, —iAu(x)] U(z) = iU(x) | —[0uo(x)] — Apu(z)| . (2.5)

1
m
With this covariant derivative, we can rewrite (R.1)) in terms of U field as
L v m? uyryt

Lstueck = _@FMVF + T(D o)y (p,U), (2.6)
which is standard lowest p? order chiral Lagrangian (gauged nonlinear o model) for U(1)
gauge field as long as we identify m with goldstone decay constant f. Here o plays the
role of goldstone boson which, in terms of Higgs mechanism, will be eaten out by gauge
field A, to become its longitudinal part after symmetry breaking. Broken U(1) symmetry
is explicitly seen through unitary gauge U = 1 ( or taking vacuum).

In terms of our U field representation, gauge fixing term (R.2) can be written as

Lar = _% (0, 4% —iem?*mU)* | (2.7)

which can cancel the mixing term between A, and o and make o becoming free field.



Above equivalence between Stueckelberg mechanism and gauged U(1) chiral La-
grangian can be seen as an alternative statement for the distinction of the Stueckelberg
and the Higgs mechanisms for which conventional understanding relies on the existance
of a Higgs particle [f]. Now chiral Lagrangian is a formalism constructed by gauge field
and corresponding goldstone boson, it does not need Higgs field and therefore in this sense
is the same as Stueckelberg mechanism. In fact, this equivalence was pointed out in an
alternative way in ref. [2g]. With this equivalence, applications of Stueckelberg mecha-
nism can be realized in terms of standard formalism of chiral Lagrangian. One possible
application is to consider effects from high dimension operators which as mentioned in
last section may reflect more complex and general interactions among Z’ boson and SM
particles. This will be discussed in next section. Another direction of application is to gen-
eralize U(1) to nonabelian gauge symmetry. In the following part of this section, we take a
simplest nonabelian generalization by considering following symmetry breaking realization
SU(2), ® SU(2)g — SU(2)p with 2 x 2 unitary matrix field U defined as

22:17 ,Eil‘Ti
@ , i)

Il
@
=i

] Yi(x) , (2.8)

m m

where 7;, ¢ = 1,2,3 are Pauli matrices, and ; are three goldstone bosons generated from
SU(2)r ® SU(2)g — SU(2)p through Goldstone theorem. The SU(2); ® SU(2)r gauge

transformation is
U(x) — Va(z)U(x)V] (x) (2.9)

in which Vg and V7, are SU(2)r and SU(2);, group elements respectively.
Note that if we return back from (£.9) to our original abelian situation, U field will
transform as

U(x) — Vi(@) U@)V] () = Va(z)V] (2) U(z) | (2.10)

where Vy, = €L and Vi = €% is U(1);, and U(1)g group element, respectively. Consider
U, @U1)r =U1)p®@U(1), with Vp = ei¢rter) and Vy = eilr—cr) = VRVIJ[ being cor-
responding U(1)p and U(1) group elements respectively. From (R.10), it is easy to see that
U field is invariant under U(1)p transformation and therefore U(1)p is a trivial symmetry
for Lagrangian (B.6). With this trivial U(1)p symmetry included in (P.6]), the symmetry
realization pattern for original Stueckelberg Lagrangian become U(1)r ® Ug(1) — U(1)p.
With this form of ablelian symmetry realization for original Stueckelberg Lagrangian,
our nonabelian generalization of SU(2);, ® SU(2)g — SU(2)p become obvious. The only
difference from abelian case is that the left unbroken symmetry SU(2)p is not a trivial
symmetry in the sense that U is not invariant under its transformations.
Now we write down the Stueckelberg Lagrangian for SU(2); ® SU(2)r — SU(2)p,

1 1 m2 N\ T ~
‘CStueck—SU@) = _@FEZFI!Z - @ngng + Ttr |:<D“U) <DMU>:| s (211)



with
DM = 00 —i% (7 +ar) 0+ i3 (v - ar) (2.12)
S = or (Vo A) —or (V£ Af) e Ar Vo A =D Ar= AND

where f/l-“ ,i = 1,2,3 are SU(2)p gauge fields and fli‘ ,i = 1,2,3 are SU(2)p ®

SU(2)r/SU(2)p axial gauge fields. In unitary gauge, the third term of r.h.s. of (R.11)

becomes mass term %m2/~12 of the axial gauge boson field A. Due to unbroken symmetry

SU(2)p, corresponding gauge fields ‘72-“ ;4 =1,2,3 remain massless.
In terms of fields ¥; which is already expressed as function of &; in (R.§), covariant

derivative (R.12) now is
[ w2
Ei —’iTi 1— —2
m

- 1 - P
DI = O3+ — Al + VP ey (2.13)
m m

_L_H'ﬁ
m\/l—i—z m

With it, (R.11)) become

1 1
ﬁStueck—SU(Q) = _@ f,': f,i B 49%}7%:; gﬂ' (214)
| ) . S -
T I 0,5 + A S

V31— V1- 2
1 1z A K x2 Y4 1 32 L
—|—2 0 22'—142- 1_W+Vj 2k€ijk 8M2i—A,-7M 1_W+Vj’zk’eij’k’ .

We find that not only the terms linear in gauge fields f/l-“ and flf mix with X; fields, but
the terms bilinear in gauge fields also mix with X, fields which is the general feature for
non-abelian gauged nonlinear ¢ model. This is not like the case of original abelian gauge
field, where terms bilinear in gauge fields do not mix with ¥; fields. This feature makes
it impossible to use gauge fixing term to cancel mixing among gauge fields and goldstone
fields. Further nonabelian effects cause very complex dependence on goldstone fields which
make theory non-renormalizable. This example explicitly shows why generalization of
Stueckelberg mechanism to non-abelian case can not cancel mixing among scalars and
gauge fields and then cause a coupled non-renormalizable theory.

3. Generalized Stueckelberg mechanism and EEWCL for Z’ boson

As mentioned in section 1, nonlinear realized effective field theory EEWCL is already
worked out by one of us in ref. [P4]. Although this EEWCL only involve boson fields
in SM, it’s enough for our interests. In this section we are going to generalize it to in-
clude in Z’ boson. The symmetry realization pattern is then generalized from original
SU2), @ Ul)y — U(l)em to SU2), ® U(l)y ® U(1)zz — U(1)em. From equivalence
between Stueckelberg mechanism and chiral Lagrangian discussed in last section, to apply



generalized Stueckelberg mechanism to Z’ boson for EEWCL is equivalent to add into
EEWCL a phase degree of freedom representing goldstone boson eaten out by Z’ and then
gauging in Z’ gauge field. We insert this goldstone boson degree of freedom by enlarging
original two by two unimodular matrix U field with an extra U(1) phase factor, The new
two by two field will be denoted by U. The difference between U and U is that U is uni-
modular which satisfies constraint detU = 1 while U does not. Relaxing this unimodular
constraint allows an extra U(1) phase in U field which now is identified with mixture of
goldstone bosons for Z and Z’. We define the covariant derivative as

DU = 8,U +igW,U — iU%g’Bu —iU(F By + ¢"X,)1. (3.1)

where, W, = g’WZ w, X, are SU(2)r, U(l)y and U(1)z gauge fields respectively.
The reason to use X instead of Z’ to label the U(1)z gauge field is due to the fact that
there exists mixing among neutral gauge bosons. We denote Z’ as the U(1)z gauge field
after diagonaliztion. In (B.I)), the new term beyond original covariant derivative given in
ref. 23 is proportional to the linear combination of gauge fields B,, and X, with different
coefficients ¢’ and ¢”. Different choice of these coefficients will results in different 2’
interactions and typical Z’ dynamics from non-traditional Stueckelberg mechanism usually
take ¢’ = 0. Later, we will discuss this issue in more detail.

The full bosonic part Lagrangian up to order of p? is

LS tueck—SU2)0U1)y @U(L) g —U(L)em = L0+ L2+ Ly, (3.2)

with p° and p? order Lagrangian £y and L, being

Lo = —V(h), (3.3)
Ly = %(aﬂhf - %ﬁ IAdE ﬁ1f2tr[ V] o [T7#] + ﬁ2f 2tr [V, e [70]
—I—iﬁgfztr [Vu]t [ }+ﬁ4f 8“h)tr[ ] , (3.4)

where T = UrUT and Vu = (DMU)UT Here we treat higgs field h as p° order. All
coefficients f, 31, B2, 33, B4 are functions of higgs field h. p* order Lagrangian £, can be
decomposed into four parts

Liy=Lx+Lp+ L+ La (3.5)
in which kinetic part Lx is
1 vV 1 14 1 124
,CK == _ZB/J'VBM — §tr[ijW” ]— ZX“VXM . (36)



Bosonic part without differential of higgs field £ is
Lp = %algg’BWur[TW*ﬂJr %agg’BMVtr[Cr[Vﬂ, V”]] + iasgtr [W‘“’ [w, VV]]
aute [V, 03] e [707] + aste [0, 04 e [0 03] + agte [0,03] e [r0 4] e [
+agtr [VMV “} tr [TV,,] tr [TV”] + %ag GHr[TW,, )t [TWH + %ag gtr[TWH)tr [T [V,“ VVH
+%o¢10tr [TV“] tr [TV”} tr [Tf/“] tr [Tf/y} + aq1 get P Mr [Tf/“] tr [VUWP A]
+aqagtr [Tf/“} tr [V”WW] + 1399 P By tr T Wy + anag? e A [TW )t [TW,)
+astr m tr [TV“] tr [TV,,] tr [TV ”}—F Qigtr {VM] tr [TV “ tr [VVV ”}
+ap7tr [f/“] tr [Tf/y} tr [f/“f/”]mlgtr m tr [VV] tr [Tf/ “] tr [Tf/ V}-)—Cvlgtl“ M tr [f/y] tr [f/ my V]
+aotr {VM] tr {V“} tr [TVV} tr [TV”] +agtr [Vu] tr [V“] tr :V,,V”}

+agotr [Vu] tr [‘7“} tr [V,,} tr [TV”] +ouostr [Vu] tr [‘A/,,} tr [V

I—‘:l

tr [VV] +gg”oz24X“,,tr ﬂ—'W‘ulﬂ

+9'q" g5 By X + g P tr [Vu} tr [TV,,} tr [T [Vp, VA} +ig aorePr [Vu] tr [TV,,] B

Figonget P [V,J tr [TV,,] tr[T W, + gagge! P tr {VM] tr [VV w, A]

+ig" ago e P X tr [T |:va VAH +ig" a3 X tr [T [‘7” ; VV]]+9”04326”W Mr [Vu] tr [T‘A/u] XA
“+asstr [Vu} tr [TVV] tr {T [‘7“, V”ﬂ +9'q" azae™ P B, X )+ 99" ags e P X tr[TW,)

+ig azgtr [Vu} tr [Tf/,,} B* +igasqtr [Vu} tr [TTA/,,] tr[[WH] 4 gasstr [TA/“} tr [V”WH,,]

+q" azotr [Vu] tr [TVV] XH 4+ igagptr [V”] tr [TV"WW} ) (3.7)

Among them ajs ~ a4, @39, @33 ~ aqo are CP-violation terms. Bosonic part with
differential of higgs field Ly is

Ly = (auh){ozHJtr [TV“] tr [f/yf/”} + aotr [TVV] tr [f/“f/“] + o str [Tf/y} tr [T [f/“, f/”]]
+ap atr {TV“] tr [TVV] tr [TV”} +igay str {TVV] trTWH+ ¢ ap gtr {TVV] BHY
+igo 7tr [TVVWW] + gapgtr [VVW“”] + apggtr [f/“} tr [f/yf/”] + o jotr [VV] tr [f/“f/”}
+apg it [f/,,] tr [T {f/“, V”ﬂ + apatr {f/ﬂ] tr [TVV} tr [TV”} + ap st [‘7“} tr [f/,,] tr [TV”}
+igor 1atr [VV] tr[TWH+ ¢'ap 1str M BW} + (8,h)(3,h) {a Ho6tT [Tf/ “} tr [Tf/ ”}
+aprtr [V“V”] + o igtr [V“] tr {TV”} + o potr {Vﬂ] tr {V”} } + (9,h) (")
x {a a0t {TV,,] tr [TV”} + ooty [VVV”] + o oot [V,,] tr [Tf/ ”} + g astr [VV} tr [V”] }
+(auh)(auh)(ayh){aH,g4tr [TV] + g o5t [v] } + g 26[(8h) (9" h)? . (3.8)
Anomaly part £4 is

Lg= a4gg26‘uyp)‘t7‘ [WMVWP)\] + a4gg/2e“”p’\BWBp,\ + g//2a446”VpAXMVXp>\ . (3.9)



Similar as p° and p? order, all a coefficients in p* order Lagrangian are functions of higgs
field h.

Above chiral Lagrangian is the most general EWCL involve Z’ and higgs fields, in
terms of which we can examine details of Z’ physics. In following of this section, we focus
our attentions on the mixing among gauge bosons.

We take unitary gauge U =1. The gauge boson mass term L£j; and kinetic term Lg
become

1 1
Ly = §f2g2 [WﬁWl,ﬂ + W3W2,# + g(l _ 2ﬁ1)f2(gW3 . g/B#)(gW&u _ g/B“) (3‘10)

1 N N 1 .
4—2(1—253)f2(g”Xu +g’Bu)(9”X“+9’B“)+§Bzf2(g”Xu +§'B,)(gWHt — ¢ B*)

1 1 L1 1
L = =B B — 7 X X" — Z(a,mvj —9,W,)? - Z(a,mvf —9,W;)?
1 1
—71- asg®) (0, W, — 0, W) + §algg,Buu(8MW3 —0,W2)
—i—gg”a24XW(8MWV3 — &/Wi) + g'g"agg,BWX‘“’ R (3.11)

in which the charged gauge bosons Wl} and Wi are automatically diagonalized. This is
due to the fact that there is no other charged vector and scalar particles to mix with. To
generate mixing for charged gauge bosons, we need to add in theory new charged gauge
bosons, such as W,’jl and W,'f which was already discussed in ref. 27 or new charged
Higgs bosons. For the remaining neutral gauge bosons W3, B, X, our Lagrangian includes
most general mixing among them. We can choose special parameters to recover the
various scenarios discussed in literature. For example,

e Taking f¢” = My, f§ = My and o; = B; = 0, (B:10) and (B.11]) come back to
Stueckelberg Lagrangian given in ref. [ which depends on coefficients M; and My .

B2/ g% +g"?

o Taking 577555 = x, —29"(gaas — g'ass) = y, —29"(go24 + g'ass) = w, (1 -
283)g"2 f2 = m% and B = o; = 0 (i # 24,25), (B10) and (B:I])) come back to

effective Lagrangian given in ref. [BJ which depends on coefficients z, y, w, m§< and
includes a more simplified case discussed in an earlier ref. [BJ.

e Taking —2¢g¢”a9s = sinx, and f1 = B3 = a; =0 (i # 25). (B.10) and (B.1]) come
back to effective Lagrangian for Eg model given in ref. [B4] which depends on a mixing
angle x .

What we need to do next is to diagonalize these mass and kinetic terms. We first try to
cancel term (¢" X, + Q’Bu)(gW/i’ —¢'B,) in Ly by mixing ¢" X + ¢'B with gWg’ - 4¢B,

9" X, + §' By, = cosay (¢" X, + §'By) + sinay (QWS —4¢B,)
gI/V[;5 —¢'B, = —sinay (9" X, + §'By) + cosaz (gWEL’ —gB,) , (3.12)

where

342031 — 8B — /(3 +261 — 833)% + 1653

% (3.13)

tanay =



Ly then reads as
1 1 - 1 _ _
EM = §f292 |:VI/';W1,“—|—W3W27/»{| +§A3f2(g//Xu+g/Bu)2+5A%f2(gwi_g/3“)2, (314)
with
2 1 _ 2 _ 2
Al = 4(1 261)cs, + B25aca + (1 — 203)sZ (3.15)
2 _ l _ 2 _ 2
Ay = 7(1=201)s; = Pasaca + (1 = 203)cq (3.16)

where, ¢, = cos az and s, = sinay.
The kinetic term for neutral gauge boson can be written as

~1(1-asg?®) laigy Llgg'ass \ [W
EK,neural = (Wiw B,uz/a X;w) %04199, _% %g’g”a% BH : (3'17)
599 a2 399005 —3 XHv

Decompose gW as (gW _9/{3#)/2"' (gW3 +g’BH)~/2, g'By as —(gW} —gz’Bu)/2+ (gW3 +
¢By)/2 and ¢"X,, as ¢" X, + §' B, + (gWS —9'BL)7 /29 — (gWS +9'B,)g'/2g’ . With help
of (B.19), we find

1 1 1

3 L L —4L T3 _ R
WM 29160‘ 21g 12g8a gWu —g BM
- — —_— /
B, | = 2g’ ca/ 29" 2g’ Sa/ QWE +9B,
1 p i1 § "3 =
X ) \ g (ot dpea) —sfg 37 (00— dsa) ) \ 9" Xu+9By

Further take following transformation which keeps neutral gauge boson mass terms to be
diagonal and rotates neutral gauge boson to the basis of Z,, photon A, and ZL

T 7 ’ i / M
gWi — By, U Y
gﬂij’ +4¢B, | = ga gb gc MA“ : (3.18)
g//Xu + §/BM . 51134522/ 0 co;iz/ fz/ ZL
Then the mass term involving neutral gauge bosons can be written as
1 - _ 1 - 1 1
Ll neural = §A% (W2 —g'B,) + §A% X2 = 5M§Z§ + §M§,Z;f . (3.19)

with massless photon. Remaining six parameters are Z mass Mz, Z' mass My, mixing
angle (B and coefficients a, b, ¢, which will be determined later. Now total rotation matrix

becomes
w3 Zy
B, |=U]|A, (3.20)
X, Z/;
with
55Ca 5% — 355 %05\ (M0 0
1 i 1
U= 347 Car 79 34 Sar ga gb gc 01 0 , (3.21)
1 ~/ ~ 1 =/ s3 cg M,/
T 3a+29_grca) 2gg//g/ 9" <Ca 2g_g,sa> _A_2 O As 0 0 fZ



where, s3 = sin 8z and cg = cos Bz,. With above rotation, kinetic term for neutral gauge
boson (B.17) can be further written as

zZm —1(1—asg®) targg 399"
ﬁK,noural = (Z/u/a A/u/a ZZW)K AR K=U" ialgg/ _i %g’g”agg, U.
A 399 01 399" s —1%

(3.22)

In which K is three by three symmetric matrix. Denote its matrix elements as K;;. Notice
that K11 o< M2/f? and Kss oc M2,/ f?, then normalization of Z and Z’ kinetic terms,

1 1

K - _Z K —_ —— 3.23

11 4 33 4 ) ( )

is necessary to interpret My and My introduced in (B.19) as the correct definition of Z

and Z’ masses. Above normalization condition also fix values of Mz and My/. Remaining

normalization of photon kinetic term demands Ky; = —1/4 and diagonalization of kenetic
terms requires Ko = Kj3 = Ks3 = 0. These four constraint conditions further fix
remaining four parameters Gz, a,b,c. Detailed computation shows that first Koo = —%

fix parameter b,

12 12
g

(P gD+ 25?29 9" (201 + ag) + 4929 9" (s + azs)

b2 4g

while K15 = 0 fix parameter a,

B 1
gA1 Ay [9/29/12 _ 929,29”2(2041 4 Ozg) _|_g2g//2 _ 4929/9”2,6/(0424 4 a25) +g2§/2]

a

2 ~ 2 2 2.~
X{ [929// +g2g/2 - g/2g// + g2g/2g// ag + 4g2g/g// g/a25] (SasﬁAl + CacﬁAg)

+ [2929’9’ +49%9"¢"* (01 + a25)] (—CaspAi + SacﬁA2)} :
Ko3 = 0 fix parameter c,

B 1
gA1A2 [9/29//2 _ g2g/2g”2(2041 + ag) +g2g//2 _ 4g2g’g’/2§’(ag4 + 0425) +g2§/2]

2 ~ 2 2 2.
X{ [929// + 929/2 _ g/2g// + 929/291/ as + 4929/91/ g/a%] (—SacﬁAl + CaSgAQ)

c

+ {2g2g’§/ + 4g2g’2g”2(ag4 + 0425)] (cacgAr + sa35A2)} )
Finally K1 3 = 0 gives constraint
0 = Go (1 —2c3) + Gasges (3.24)
with Go and G given in (A.1]). Eq. (B.24) yielding tan 3

— /(2 2
tan 8 = Gzt 2GG02 4Gy . (3.25)
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Since the precision of our computation is only accurate up order of p*, while 3;, i = 1,2,3,4
represent p? order operators and «; represent p? order operators. Therefore we can ex-
pand our result in powers of 3; and a; and to our p* order precision, we only
need to keep terms at most quadratic in §; and linear in «;. Detailed computation gives
tan oy = —202/(3—261+803), A1 = (1-51)/2—£3/3— 3% /4 and Ay = 1—[35+32/6—33 /2.
The rotation matrix U is given in (A.J). In literature, most models [[J, B§-B0] treat
extra X gauge boson by only mixing it with W3 boson in mass term. This corresponds to
a1 = ag = agy = aos = (3 = 3 = ¢ = 0 in our EEWCL. The result mixing angle become
49"\ 9> + g”

s . (3.26)

tanl = ————
9> +9” —4g

Usually constraints on ¢ are highly model-dependent [BI]], the typical value of which is at
order of 1073. In our general case, X boson can mix not only with W3, but also with B,
”There are no quantum numbers which forbid a mixing of neutral gauge bosons”, Leike1999.
In Leike’s review article [[0], general mixing among Xy, Wi’ and B, in mass terms is
parameterized. Further mixing can happen not only in mass terms, but also in kinetic
terms. Authors in ref. B3, BJ] studied a case that in kinetic terms, there are mixing among
Xy, Wi’ and B,,. In our formulation, we use three by three U matrix to parameterize the
most general mixing among X, Wi’ and B, happened both in mass terms and kinetic
terms. The small values for mixing among X with W3 and B require smallness in values
for Uy 3,Us3,Us 1, Us 2, which from (A:3) leads to the requirements

49" # 9>+ g"* J<1 J'Br< 1 g ooy < 1 g ags < 1. (3.27)

Another sector which heavily depends on W3, B and X mixing is the neutral current. The
corresponding Lagrangian is gWg’ J3H 4 g B,Ji 4+ ¢" X, J%, in which except conventional
weak isospin third component current J3# and hypercharge current J{ﬁ, we now have extra
hidden current J; couple to X, boson. In terms of physical gauge boson Z, A,Z’, the
Lagrangian becomes eJémA, + 9752, + ¢"JY Z,,. With help of (B.21), we can read out

eJb, = gUi o J*" + g'Us o i + ¢"Us 2 J%
92Ty = gUi1 T + g'Us 1 Ty + ¢"Us 1 Ty (3.28)
g”J”, = gUl,gjg’u + g/UQ,gjéi + g”Ug,;),J; .

For which, we find

e When §' # 0, due to fact Us 2 # 0 given in ([A.J), photon will couple to hidden neutral
current J4. This situation was discussed in ref. [f].

e Small mixing among X with W32 and B achieved by (B-27) will imply that hidden
neutral current J ; decouples from Z boson and photon approximately; J3* and J{i
also decouple from Z’ boson approximately.

o J ; mainly couples to Z’ and the coupling is ¢”” which will see later that is proportional
to MZ’ /f

— 11 —



We now display the last three parameters accurate up order of p* and linear order of §’

1 ., 1 2 -
Bz = A, {29/9/ —=Bgz—Ay)B2— 49" (G® a2 —9/20425)} YN { —9¢' 297 —Ag) 7 (31— B3
g

3
292§/g/ (Ag_29/2) ai

(s () s ) ] |22
9
2g/g/g4a8 29 (gZ+2492 ”2—1-169”4>ﬁ3ﬁ1+ <3QZ+2492 2 169”4>§,ﬁ12
g A A
1 (29942 ~169"" —136939"") %7 o (~24g39" — 489" + g% ) 7
+_ —
3 A A2
2 /=1 12 12
Mj 1., 2 12 Z(ggﬂg—g 52)
—Z = — g7 (1-2B1) — 2¢°g" o1 + g
12 4 [ ] Ay
49/ ! 12 (92a24 _ 9’20125) 8929”29/9/
A, T A2 (B2 — B233)
2. 2
o 3, 08 [P (4o
— 203
£2 Ay Ag
993 g3
+8 =52 (B2 — B23) (3.29)

A2

where gz = /g% + g2 and A, = g*> + ¢? — 44" 2 Al 0; and o coefficients appear in above
results must take their values with Higgs field inside the coefficients being substituted
by its vacuum expectation value. Notice that the correction for Z mass from extra Z’
couplings is proportional to §'B2, (¢”52)%, ¢" o4 and g”ass which are very small if we
adopt (B-27). In fact, in formulae for My and My, if we ignore these small mixing and
further neglect contribution from f;, a1, ag which roughly are related to phenomenological
parameters T, S,U [Rd], we find M2, /My ~ 2¢"*(1 — 283)/€2. This implies that even for
small mixing for neutral gauge bosons with Z’ we still have two independent parameters
g” and (33 to tune its value.

We finish discussion on mixing among neutral gauge bosons by checking our com-
putation results. With constraints (8.27), X mixing with W3 and B controlled by pa-
rameter §', ¢’ 32, g" sy and ¢” o5 become very small. Ignoring contributions from these
parameters, X will not mix with W3 and B any more and the left mixing between W3
and B then goes back to its value given be standard EWCL [RJ. If we further demand
J =01 =03 =3 =0a =ag = ay = azx; = 0, we recover results of tree diagram SM
which include Gy =0, 41 =1/2, Ay =1 and the matrix U becomes

cos by sinfy 0
—sinfy cosby 0 |, (3.30)
0 0 1
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with tan 0y, = ¢'/g. The six parameters at this order of approximation are ay = [z =

2_ /2 /
c= O’ a= 2%7 b= /9—22g+g,27 MZ - % 92 +g/2 and MZ’ = g//f.

4. Anomalous couplings among gauge fields

In this section, we discuss effective gauge boson self interactions which include triple and
quartic coupling terms and these terms which not only include SM electroweak gauge fields
W=, A, Z, but also involve Z’ field. The part without Z’ field can be parameterized by
coefficients in original EWCL and parametrization for quadratic and triple couplings were
already given in ref. [23). The quartic couplings can be worked out as follows,

LQav = g4t WIWHHW W™ =g (WSW )24 g,4(2,2") 4 g1 z- 2 W, ZPW, 27
—g1—22WIWHZ,2" — gy g aWIWHZ, A —igeyzadP Z, AW W
g1 z-ae4a-2(Wi W, + WIW) +igiz-aera-z(W W, — WIW. )]z AY
—e (A APWHW, — W W,FARAY)

with nine anomalous quartic couplings determined by

e*? 2011 €2 9 1 c?
AR 85in29W|Z [4+c2—s2 Tase <_s_2+02—s2>
201 ¢ 1 1 8e?
+m + <043 + 5044 — 5048 + a9> ?:|
e*? 201 €2 9 1 c?
A _8sin20W|Z [4+02—82+a8e <_S_2+62—82>
2031 ¢ 1 1 8e?
—1-02 — 2 <—Oé3 + 5@4 + as + §oz8 - a9> ?]

x4 4 1 1 1
gze = e cot” Owlz | sou+ ;a5 +ag+ar+ai | 55
2 2 2¢

261 2 as+ag\ €
%2 2 2
Ji+z—z = €~ cot Hw‘z |:1+C2—S2+C2(C2—S2)6 a1+<2a3+7 <53

* 201 2 a5 + oy e?
Gr—zz = e cot? Oy |z [1 + . + 55— 82)62a1 + <2a3 -—

—s2 (2 s2¢2
0O1 2oy e? 2¢2
A =21+ + + a LA = = 4.1
g+—ZA |: C2 — 32 02(02 — 82) 33202 Ge+—-Z A 8202 11 ( )
ﬁl 1 2 62
_ 7 = e cotb 1+ + e‘a1 + ag——=
g+Z AP+A—-Z7 W’Z |: C2 — 82 02(02 — 82) 1 38202

62

9+Z-A6+A-Z = 0412@ )

where all coefficients are defined in ref. [2J]. We can also obtain these anomalous couplings
from our theory by taking unitary gauge U =1. Matching these anomalous couplings
from original EWCL with those obtained from our theory involving Z’ boson, we obtain
constraints which relate parameters in original EWCL with those in ours. These constraints
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can be seen as an alternative result obtained through integrating out Z’ field and its
goldstone boson. Some of them are not independent each other and can be treated as
self consistent check of our computation. Detailed matching for Mgvi demands that the
fundamental parameter f in (B.4) be the same as that introduced in original EWCL [R3].
Matching for M % gives

2
gg/ |:4g/2 2 <g2 _491/2> :|
A2

4 !~/
+ A"% [(49”2% S AYEs 2g2g%> 5162 — 49" (297 + A) 5253} , (4.2)
g

2 (¢*+A N 9 29'q'g
6B1 = g*az+ u (9’9/52 g’ 522> + Q4 —

Q25
2 2
Ay Ay

with §3; being the difference between [3; introduced in (B.4) ﬁl‘Z’ and corresponding

- ﬁl‘ . While

arameter introduced in original EWCL ‘ , lLe. 001 =
p g P EWCL & & EWCL

matching triple and quartic anomalous couplings gives

Zl

2 5 44’
bon = by + o (15— 0" 58) + 2T [(203 — 8g) 51— 8 54
Ag g
23" 2
+9,Tg2 { [(92 - 49”2) +29" (% - 29'2)] sy + (92 - 49"2> (9% +Ay) azs}
g
2 ~ 4 !~/
dag = 7= (g’g’ﬁg - g”Zﬁg) + g% {(29% —Dg) P12 — 89”25253]
g g
2~/
= Ag 5 {2000+ (9 = 49"%) (¢ + A,) s |
4 2 8¢’ 2 "7 2
S _ " 2 -8 " _
ay A, ( §Pa—g ﬁz) A [( 93— 0g) B1B2—8yg ﬁ2ﬁ3} + A, (9°a2a—g"aas)
4
Ag a31
(5045 = —5&4
!~/
50&6 = —50[4 — 229 aq7
g
2 !~/
(5047 = (5044 — ij 16
4 8 !/~
Sag = —26a3 — e (g'@'ﬁz - g"2522> - Agg, {(29% —Ay) f162 — 89"25253}
g g
49’ 2
A [(9’2 —4g" ) gy + g’2a25}

!~/

4 N 8
dag = ~20ay = 5 (70 — 9°0) = 05 [ (205 — ) Buf = 89

!~/

29’ 2
+Aq—g% [(Ag — 2¢°) s + 297 aos] + A, asy

!~/

g9
dap y a5, (4.3)
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with do; = ;| — oy and left dag undetermined. In obtaining above result, we are

Z/
accurate up to linear order of ¢’ and neglect all CP violation coefficients.

Beyond the self interaction part without Z’ field, there is part depending on Z’ field.
The quadratic term is already discussed before and we list down the triple and quartic

vertices,

L pranomatons=i1Cr—+ 2" WEW, +iCly g (WhWHZY — Wi WHHZY) (4.4)
D4 v, W W VL Vo +D vy v, WV W VS 4Dy vav Vi VI Vs VY

The explicit expressions for various couplings in above Lagrangian are given in ([A.3).

5. Summary

Stueckelberg mechanism as a traditional method to introduce a U(1) gauge boson into
theory is shown in this paper equivalent to set up a gauged U(1) chiral Lagrangian and
fix special gauge. With this equivalence to chiral Lagrangian, by constructing the non-
abelian generalization of the chiral Lagrangian, it is easy to understand why non-abelian
generalization of the Stueckelberg mechanism can not keep renormalizability. Further in
terms of chiral Lagrangian formulation, we generalize traditional Stueckelberg mechanism
by including in theory high dimension operators. We enlarge original EEWCL to include
an extra local U(1) symmetry to represent physics for Z’ boson. The scalar particle in
Stueckelberg mechanism now is identified with goldstone boson eaten out by Z’ to become
its longitudinal component. We build up complete list of EEWCL up to order of p* includ-
ing Z' and higgs bosons. With this chiral Lagrangian, traditional minimal version of the
Stueckelberg mechanism can be seen as the leading nonlinear ¢ model term of our theory
and our generalization for Stueckelberg mechanism is to include in theory all possible high
dimension operators up to order of p*. We obtain most general interaction forZ’ boson
and SM bosons. Among these interactions, we focus on the general mixing among neutral
gauge boson W3, B and X. We diagonalize the mixing appeared in mass and kinetic
terms completely by introducing a three by three matrix U. The small mixing among X
with W3 and B can be achieved by constraints (B.27). Due to lack of enough theoretical
constraints and experiment data, most of operators lead by our extension of Stueckelberg
mechanism have their free couplings. We need to gather more theoretical arguments and
experiment data to investigate them in future. Theoretically, through matching anomalous
couplings between original EWCL and our theory, we obtain connections among parame-
ters in ref. 2J] and those in our theory which enable us to express anomalous couplings
in terms of parameters appeared in our theory. We also exhibit all p* order operators for
gauge fields self-interaction involving Z’.
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A. Necessary formulae for EWCL

In this appendix, we list down the necessary lengthy formulae needed in the text. First we
give expression for Gy and G introduced in (B.24),

Gy = _A1A2{ (—92 —g?*+g"+ (é')2) casatg'§ (s2—c2)+* [20%casa+dF (—s2)] eu
+g° [(9,2 g - (Q')2> casa—9'd (52 —c?x)] ag+2¢%g"* (2 —s2) (aza+g?arams)
+9" (49’7 casa+29” (2 —52)] [9° (asaos —arazy) —aos] +¢2g"? (89" 50Ca
+49'7 (ch—s3 )Jozacvas +9°9" 9" 50ca (dads— @%)+4929”2 (6" 5047 ca)(9'ca—7's0) 04%4}

Gy = A%{(92+g'2)03+ (g”2+(§')2> 52 (1-g%as) —g*g" 2 (201 +as) +4¢'g"" 5 s2 s
g2 g%g"* 2 (04344‘@%#20424@25)—929”233[9/204%%(5/)2@%4%9/@/ (agags— 0410424)]}
—[A1 — Ag,cq > Sa]+SaCa (A%+A%) { —24'7 [1—92 (g +0z8)]

2 2 - 2
+1¢%¢" [(a24—a25) (1—g” a1>+2g’g’a§4+g” agagg,] } . (A1)

Next result is for rotation matrix U defined in (B-21)), its matrix elements U; ; are

14 2( 2 2 H2~1 1(.12 2 .2
+2 2 5 9799 (g7 Ag—9797) 9oz
Ul’l:i[l_g_zaﬁg (92 2 ) ]+ 997 (g’g’ﬁ2—g"2ﬁ§>—8 9 e ?)
9z A 9z Ay Agogy
13~1 12 (9 ~/ /
9°99" (97 +Ag) ga2s 43¢ 929 2
-8 (AZgg3 2) t A3 [49” Ba(B1 —203) + 9%5152}
g 97 g
/ / 2 12 2 12~/
1 2
Ups = %Um _ gg_z [1 + ggg <a1 + 5045;)} - 9993 L (og1 + azs)
Z Z
2 /! !~/ 9 ~ 9
Urs = ig {29952 —ﬁ2+<g/2—4gﬁ >a24+g’2a25+4g'g/(ﬁ1—63)—29%61@4—89” P23
g
2gg’§’(2g”2Ag—g2g’2) g3g/§/(g/2_4g//2) 16gg/g”§/ [ 5 o 2 a3
. o 53070 By g )
g”A92 g”Ag2 Ag?, g
299'9"7 (~112039" + 1794 +329"*)
2
g g%Agg ﬁQ
- ~/ 2 12 12
Upy = _9_/[1_9_4 <a1+1a8>}+29’(92—4g”2)gzﬁ2_4992( 78, +89°4") o
b - 2 2 3
89”7 2 29" ' 97 52*
n N [92 (92Ag—gl2g%) (g — 24" <92Ag—29l2g” >a25} 4 —
9729 g
9092 (89~ 29") By

A
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2 12~/

2d' " —4 "2 9 9
Uz = gA ( 27 ,g,g §+02+g a24+<g —4g" ) +g,,gAg2 [‘2<g2—4g” )a1+92as}
g g

! i

4g'g 2 g 2
Az ( 29/ (81— Bs)+ 935152 —4g" 5253) + 2 {9%5152—49” 5253}
g
99 // /<209/6 12949//2 1369 g/2 "2 124914 //2+32g/2 //4+43g 9,4—1—26949,2—1-39 ) )
_§ Q%Agg ﬁ2

169/29//9/9 169/2 // / 9
B by [(29% — A,) Bufls — 49" B3]
9

29"9z( 29'g g 2929’9”9’
Us1 = A TBAZ [2(92 —29%9,2)041+92 (29%+A9)O‘8]
g gZ 70
n4 2 12 2
4q" g7 89992 (292—139 7979 )ﬁz
= (205 (81— Bs) + 935 Ba—4g " Balls) — < ;
Ag g"A
169/9//g/gz 9
— LI (67 + 49785 + (B, — 293) By
g
sy = — 97’
V9" + 2@ — 02079" (204 + as) + dg2g 0" (0 + uzs)
_ ggl 939/29/ <a1 N la8>
g”gz g//g% 2
29//2 3 329/9//2919
Usz = 1+ A (49’7’ (ﬁ2+25253+920424—9'20125)—g%ﬁg]—I—Tzﬁ 2(61—03) , (A.2)
g g

where gz = /g2 + g2 and A, = ¢*> + ¢”> — 4¢"* and except Usy which vanishes when
g =0, all other matrix elements are accurate up to linear order of §'.
The last formulae are the anomalous triple and quartic couplings for Z’ field

introduced in ([£.4),

2
929" (B2 + gPoas — g as) N 4g%g" [9%5152 —4g” 5253]

Cz—y = A N —2¢%¢"az
g g
29°5'9'9" (179%—1129%9”2%2 g”4>ﬁ22 gqd o ,
3 A2 +A 2 KAQ_29 )041+9 048]
9 9z
2 I~ =1 )2 I
9°9'y [ 2 "2 3'9'9°g" (b1 — Bs)
- 1+yg (ag—l—ag)—i-( —4g ) } 8
g”Ag Ag2
169/g/g2g// 9
+ T [(2 ) BB — g3 87 — 49" ﬁg]
J"q [5 - ( - 49"2> Q24 — 9/2025] 9*q" [Qzﬁlﬂz —4g" 5253]
+z'- = —I—
A, A2
2 1=l 4 _ 2 12 4 -
29°939 (17gZ 112g7,9"" +32¢g > (a2 - 25 » 733" as
3 Ag3g% Ayg” Ay
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I~ 2 1

5 _5 2 1~
9999 (21 3) g 929” [2 <gzg/2_2gu2Ag) o+ g <g,2_4g,,z) ag}
Ag Ag%g

I~1 2 I

—16 % [9%512 — (297 — Ay) B135 + 49"253%}
g

4 12, 2 4 1~/
2 499" 32 49°9'g 2
Dy gz =499 (a5 + az1) — NCERRENE {52 - (glz —4g" ) Qo4 — 9/20425}
g g

84°9'5'g" e 8¢%¢'7 2
- A + 3 {(29% —Ag) B2 — 8¢ 5253]
g Ag
g'g” B Ag'g'd
2 2
Ag Ag

2 2
Digi_z =49*¢d"" (ag + a1g) + 4 [52 - <9l2 — 44" ) Qg — 9/20425}

8 2 It 112 ] 4 1~/
_%9"999 ot og 939 [(29% _ Ag) 816 —89//2ﬁ2ﬁ3]
Ag Ag

5 4949//[52— <g/2_4g//2>a24_g/2a25] , ) ., 8g4g”

—Zz = —29°9z9 a16+
" gZAg Agz

29"9'g' 999" (49'2Ag —12¢%" + 92922) ag
- 11 [1 + (29% - Ag) 043] - 3A 2.
929" Ay 97A4%g
29’?],94 [g% <292g/2 _ g/4 + 169"4> o 49291/2(2912 —1—9/2)] ay
g%Agzg”

2 1=l 1 rer 4 0 I~ 4 13,5 2
992999 9999 9999 B3
(a7 —an) — 16 =———5 (B — fB3) — 128 —————

Ag gZAg2 .gZAg3
4 1~ I

14¢%9" — g% — 49" 9497 9" 925>
@07 — A B s+ — 2| — 327
g

72
G]zﬁl@ —49—525?>
9z

+8

4 1~ I

9999
gZAg3

2g%g" [—62 + <9’2 - 49”2> g + g’2a25}
gZAg

+32

- 92929”0417

Dig_z0=Dyg_z=

I~1 I 4 1~ I

72 2
g 992999 939499
92512 — 47— B2 f33 | +4=—"" (s — a19) +8———5 (61— )
9z Ag gZAg
4 1~/ 4 1~ I

2
999 2 9939 9z
+ 1+ (292 — A,) as| + 16 2222 222
ng//Ag [ ( 9z g) 3] Ag?,
~ 2, 2 2
4 1~1 1 g/g/g6<4g/2Ag—1292g// +9°g9z >a8
9°9'd'g 2 2 2
1675 Kvg/ +4g" +92>6153—4g” ﬁ%] | T
9z 29,084%g
~ 2 4 ~ 2 4
Jq7g* (929%—49%9” Ay—¢ Ag> o 16¢9'g'g*g" (—149%9” +4g" +ff§) Ba?
! +
9384"9" 34,%%
3 1 1 22 2
49°9' [ﬁ 2 (9 49 )O‘24 g 0‘25] 329'd" 9" Bafs 899 9" 925152
A B 2 + 2
9z g gZAg Ag

4 94 g//
2
Ag

Dy a7 =
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2~ 2 4
20 Py 128¢"35 g2 32 49°9° 99" (179%—1129%9” +32g" )622

9920 Agggz 3Q%Ag3
12~ 3
9 99 2 9 5 )
+W{ [89%9// Ag=g°d (49%+2Ag)} a1 —g? <3g’ Ay —8g°g" )as}
9 JZ
< g/2§/g/’g3a3 39 g/g3g//g/2gzﬁ12 - (29% _ Ag) §/939H9/2ﬁ1ﬁ3
s, AT Ao
12~1 1 3
_16% (B1— B3 + 26203)
Ay gz

Diaz2=Dyga

2
29%'9" [ﬁr(glz_@” )0‘24_9/20‘25} 169 9" > g"* BoBs 46°9'9" 92513
A * A2 B A2
9zRyg 9zRyg g

8¢°79"g* 169°9"7 9" >
o (5= ) = =T [ (25 = Ag) P — 49" Babs|
g g
12~1 4 2 12 w4\ 1. 3.7 2 ~
+g qg-g (17gZ 112g79"" +32¢ )g g° s . 16939//929/9/2512
3 930> A
2~ 2 2
19°7 g*q"ay 999 <2g29/29% —4g29" Ay + ¢ 92A9> o1
T A T a3 A 2
9zRg g 97Rg
2~ 2
1 g5g/ g/ (8 g2g// _ 39/2Ag> as g’zf]'g?’
2 9" 930 9" 970,
Dyzizzz = —g39" (2005 + a1 + a17)
I~ .3 I
999z9
+4 TZ (Oé(; + ary + 20[10 — 20[18 — 19 — 20&20 — 0121)
g
9 g//2g/£~]/g2
Dyigigzy = g// g% (a5 + 207 + dagg + 2ai91) — 4 A Z (2015 + 16 — 292)
g
2 9797 g%
Dyizzz = 49" g% (au + ag + 2a18 + ag) + 32TZ (a22 — a1s)
g
3
Dgigiziz = —4 g" qz (a16 + a7 + 2a92)
I~ 13
+16 g99 9z gi 97 (046 + a7 + 2018 — a19 + 20090 — (91 — 4a23)
g
4 1~y
4 16g""g'g
Dyigigig = 4g// (044 + a5 + 2019 + 20091 + 4a23) — T (0416 + a7 + 2a22) . (A3)
g
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